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Abstract
Any totally ordered set equipped with a topology possessing a subbase consisting wholly of end
sets can be constructed from LOTS by repeatedly taking subspaces, quotient spaces and inverse
limits. We prove that none of these three operations can be omitted from the construction. Ó 2000
Elsevier Science B.V. All rights reserved.
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1. Introduction
An end set is an initial or final segment of a totally ordered set. A linearly ordered
(topological) space (or LOTS) is a totally ordered set equipped with the topology which
has the order-open end sets as a subbase. A well-formed ordered space is a totally ordered
set equipped with any topology which has a subbase consisting exclusively of end sets [1].
Let OrdTop be the category whose objects are totally ordered sets with arbitrary
topologies and whose morphisms are the order-preserving continuous maps. OrdTop
admits the natural constructions of subspaces, quotient spaces (construed as partitions into
intervals) and inverse limits; and it is known that the smallest full subcategory of OrdTop
which contains the linearly ordered spaces and is closed under all three constructions is the
category WfOrdTop of well-formed ordered spaces [2]. Briefly,
Lin(sub,quot, lim)=WfOrdTop.
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In the same notation,
Lin(sub)= Lin(lim)= Lin(sub, lim)
⊂ Lin(quot)= Lin(sub,quot)⊂ Lin(quot, lim),
where both the inclusions are proper [2]. In the present note, answering a question left open
in [2], we shall prove that the remaining inclusion
Lin(quot, lim)⊂ Lin(sub,quot, lim)
is also proper. No two of the constructions, therefore, suffice to generate the well-formed
ordered spaces from the linearly ordered spaces.
2. Some terminology
Let X be a well-formed ordered space. Note that by an order-open (respectively order-
closed) end set of X we mean X, ∅, or any set which can be written in the form 〈x,→〉
or 〈←, x〉 (respectively [x,→〉 or 〈←, x]). Unattached, the words open and closed will
always carry their topological meaning. If Y ⊂ X, we define the end sets ↑Y and ↓Y by
putting
↑Y =
⋃
y∈Y
[y,→〉 and ↓Y =
⋃
y∈Y
〈←, y] ,
and it is straightforward to verify that, if Y is open or closed, so are the sets ↑Y and ↓Y .
A cut of a totally ordered set is a partition (A,B), where A is an initial and B a final
segment, and is respectively called a continuous cut, a jump or a gap according as just one,
both or neither segment is order-closed.
3. Theorem and proof
A well-formed ordered space is balanced if, whenever a cut is either a gap or a
continuous cut whose order-closed segment is open, then both its segments are open.
Lemma 1 is a convenient restatement of this definition.
Lemma 1. A well-formed ordered space is balanced if and only if every end set which is
neither open nor order-closed is (a) order-open and (b) not closed.
Proposition 2. Every quotient space of a balanced space is balanced.
Proof. Let X be a balanced space and pi :X→ Y a quotient map. If K is an end set of Y
which is neither open nor order-closed, then the same is true of the end set pi−1(K) of X;
and it follows from Lemma 1 that pi−1(K) is not closed, but is order-open. This implies
that K is not closed and that X \ pi−1(K) is order-closed. Hence Y \K is order-closed: so
K is order-open; and, using Lemma 1 again, the result follows. 2
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Recall that a filter base is a non-empty collection F of non-empty sets such that, if
A,B ∈ F , then A ∩ B ⊃ C for some C ∈ F . A subset S of a totally ordered set X is
complete (with respect to the ordering it inherits from X) if every subset of S has an
infimum in S, or, equivalently, if S has a first point, a last point and no gaps.
Lemma 3. The intersection of a filter base F of complete subsets of a totally ordered set
is complete.
Proof. Let A⊂⋂F . For each F ∈F , write infF A= a0F and recursively define
aσF = inf
F
{
a
ρ
H | ρ < σ, F ⊃H ∈F
}
for every ordinal σ > 0. Note that, if σ < τ and if G ∈F and G⊂ F , then
aσF = inf
F
{
a
ρ
H | ρ < σ, G⊃H ∈F
}
> aσG > aτF . (∗)
Since, for each F ∈ F , the transfinite sequence (aσF )σ is monotonically decreasing, there
exists an ordinal ω such that, for every F , the sequence is constant when σ > ω; and it
follows from (∗) and the filter-base property of F that the constant value—call it a—is the
same for all F . Since a ∈ F and a 6 a0F for every F , the point a is a lower bound in
⋂F
for the set A. If a′ is another such bound, then a′ 6 a0F for every F ∈ F , and hence—by
induction—a′6 aτF for every τ ; so a′ 6 a. 2
Proposition 4. Every inverse limit of balanced spaces is balanced.
Proof. Let Y be the limit of an inverse system (Xσ )σ∈Σ of balanced spaces, whereΣ is an
index set directed by a relation. Let piσ be the projection Y →Xσ and piτσ the connecting
map Xτ →Xσ .
We suppose Y is not balanced, so that, by Lemma 1, it has a cut (P,Q) such that P , say,
(a) is not open, (b) is not order-closed and (c) is either closed or not order-open (or both);
and we write piσ (P ) = Pσ and piσ (Q)=Qσ . The intersection Pσ ∩Qσ contains at most
one point, which, if it exists, is both the last point of Pσ and the first of Qσ .
If Pσ has no supremum, then Pσ ∩Qσ is empty and P = pi−1σ (Pσ )= pi−1σ (↓Pσ ). But if
Pσ has no supremum, neither does ↓Pσ : so the cut (↓Pσ ,Xσ \ ↓Pσ ) of Xσ is a gap. Since
Xσ is balanced, this implies that ↓Pσ , and hence P , is open and closed, contradicting (a).
The same argument shows that, ifQσ has no infimum, the complementQ of P is open and
closed, yielding the same contradiction; and it follows that, for every σ , there exist points
aσ = supPσ and bσ = infQσ . Clearly, aσ 6 bσ .
Let τ  σ in Σ , so that Pσ = piτσ (Pτ ); and suppose piτσ (aτ ) < aσ . Then there exists
pσ ∈ Pσ such that piτσ (aτ ) < pσ 6 aσ . But pσ = piτσ (pτ ) for some pτ ∈ Pτ , and piτσ
is order-preserving; so aτ < pτ : a contradiction. Hence piτσ (aτ ) > aσ , and similarly
piτσ (bτ )6 bσ ; so piτσ maps [aτ , bτ ] into [aσ , bσ ].
For every σ , the interval Aσ = [aσ , bσ ] in Xσ is complete; for, if not, then Xσ has a
gap (Iσ , Jσ ) such that Pσ ⊂ Iσ and Qσ ⊂ Jσ ; so P = pi−1σ (Iσ ) and is open (since Xσ is
balanced), contradicting (a). Furthermore, if τ  σ , then the image Aτσ = piτσ (Aτ ) of Aτ in
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Aσ is also complete. To see this, let S be a non-empty subset of Aτσ and T = (piτσ )−1(S).
Let t = infAτ T and s = piτσ (t). Clearly s is a lower bound of S in Aτσ . If there exists
another such bound s∗ > s, choose t∗ ∈ (piτσ )−1(s∗). Then t∗ > t ; so t∗ > t ′ for some
t ′ ∈ T . Therefore s∗ = piτσ (t∗)> piτσ (t ′) ∈ S, which implies that s∗ =minS.
Now, for every σ ∈ Σ , the collection {Aτσ | τ  σ } is a filter base; so, by Lemma 3,
the subset Hσ =⋂τσ Aτσ of Aσ is complete. Let hσ = minHσ . Since, for τ  σ , the
connecting map piτσ maps Hτ onto Hσ , it maps hτ to hσ ; so h= (hσ )σ∈Σ is a thread in Y
whose σ -component belongs to Aσ for every σ .
Suppose h ∈ P . Then piσ (h) ∈ Pσ ∩ [aσ , bσ ], so that piσ (h)= aσ , for every σ . Now, if
p ∈ P and p > h, then piτ (p) > piτ (h)= aτ , for some τ , which contradicts piτ (p) ∈ Pτ ; so
we must have h=maxP . But this contradicts (b), and we conclude that h ∈Q—whence,
by the dual of the preceding argument, h=minQ. Therefore, by (c),Q is open. Moreover,
piσ (h)= bσ ; so bσ =minQσ , for every σ .
Since Q is open in Y , there exists σ0 ∈ Σ such that for each σ  σ0 the space Xσ
contains an open set whose inverse image in Y is contained in Q and contains h. Clearly,
if Uσ is such a set, so is ↑Uσ , and so also is any union of such sets; so we may take Uσ to
be a final segment of Xσ and the largest such set. Since Uσ contains piσ (h)=minQσ , it
contains Qσ ; so pi−1σ (Uσ )=Q; so, by (a), Uσ is not closed. But Xσ is a balanced space;
so Uσ is order-open, and there exists vσ such that Uσ = 〈v,→〉. If vσ < aσ , the set Uσ
intersects Pσ , contradicting pi−1σ (Uσ )⊂Q; so [aσ , vσ ] is a non-empty interval in Aσ and
is therefore complete.
Let τ  σ  σ0. If piτσ (vτ ) > vσ , then piτσ (vτ ) ∈ Uσ ; so (piτσ )−1(Uσ ) is an open set in Xτ
whose inverse image in Y is contained in Q and contains h, but which, since it is a final
segment and contains vτ , is strictly larger thanUτ : a contradiction. So piτσ maps the interval
[aτ , vτ ] into [aσ , vσ ]; and it follows—by the argument used earlier for the construction of
h—that there exists a thread k ∈ Y whose σ -component belongs to [aσ , vσ ] for every σ .
Clearly k can not be in Q; so that, since piσ (k)> supPσ for all σ , it must be the last point
of P . But this contradicts (b) and completes the proof. 2
Since every linearly ordered space is balanced, Propositions 2 and 4 imply the following.
Theorem 5. Every space in Lin(quot, lim) is balanced.
But the rational line with the indiscrete topology is a well-formed ordered space which
is not balanced; so we deduce the result announced in the Introduction.
Corollary 6. Lin(quot, lim) 6=WfOrdTop.
We do not know whether every balanced space belongs to Lin(quot, lim). Two examples
of balanced spaces for which it seems difficult to find a construction in this category
are (i) the first uncountable ordinal, ω1, with the indiscrete topology and (ii) the ordinal
ω∗1 = ω1 + 1 with the topology {ω∗1,ω1,∅}.
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